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Abstract 

In the papers [13] and [13] we have studied functions f : X ^ K, defined 
on a 6-complete semimodule X over an idempotent 6-complete semifield 
K- = {1C,(B,®), with values in K,, where /C may (or may not) contain a 
greatest element sup/C, and the residuation x/y is not defined for x £ X 
and y = inf X. In the present paper we assume that K. has no greatest ele- 
ment (equivalently, K, is not a singleton and not the two-element Boolean 
semifield), then adjoin to K. an outside "greatest element" T = sup/C and 
extend the operations ® and ® from IC to K, :— KXJ {T}, so as to ob- 
tain a meaning also for i/inf X, for any x £ X, and study the functions 
f : X K, := /CU{T}. In fact we introduce two different extensions of the 
product ® from /C to KL, denoted by (g) and ® respectively, and use them 
to give characterizations of topical (i.e. increasing homogeneous, defined 
with the aid of ®) and anti-topical (i.e. decreasing anti-homogeneous, 
defined with the aid of ®) functions f : X ^ K. := K-VJ {T} with the aid 
of some inequalities. Next we introduce and study for functions / : X — >■ 
K, = fCVJ {T} their conjugates and biconjugates of Fenchel-Moreau type 
with respect to the coupling functions ip{x, y) = x/y, Wx £ X, Vy £ X, and 
^{x, (y,rf)) inf{a;/y, d}, G X, Vy G X, Vd £ /C, and use them for ob- 
taining characterizations of topical and anti-topical functions. In the sub- 
sequent sections we consider for the coupling functions ip and some con- 
cepts that have been studied in ^ and [12] for the so-called "additive min- 
type coupling functions" tt^ : Ti^ax ^ ^max ~^ Rma^ and tt^ : A" x A" — > A 
respectively, where A is a conditionally complete lattice ordered group and 
■Kfi{x,y) := infi<i<„(2;i +yi),\lx,y G /JJ^j^x (or A"). Thus, we study the 
polars of a set G C X for the coupling functions tp and i/;, and we consider 
the support set of a function f : X K, with respect to the set T of all 
"elementary topical functions" ty{x) := x/y,\/x G X, Vy G X\{inf X} and 
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two concepts of support set of / : X — >■ /C at a point xq € X. The main 
differences between the properties of the conjugations with respect to the 
coupling functions (p, and vr^ and between the properties of the polars 
of a set G with respect to the coupling functions ip, tp and TTp are caused 
by the fact that while tt^ is symmetric, with values only in -Rmax (resp. 
A), if and tp are not symmetric and take values also outside -Rmax (resp. 
A). 
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1 Introduction 

In the previous papers I13j and [T^ , attempting to contribute to the construction 
of a theory of functional analysis and convex analysis in semimodules over semi- 
fields, we have studied topical functions / : X — > /C and related classes of func- 
tions, where X is a 6-complete semimodule over an idempotent 6-complete semi- 
field K,. We recall that / : X — ^ /C is called topical if it is increasing (i.e., the re- 
lations x' ^x" G X, < x" imply f{x') < f{x"), where < denotes the canonical 
order on JC, respectively on X, defined by A < /-t A © /it = /Lt, VA G /C, V/z G /C, 
respectively by a; < y <^ a; © y = y, Vx G X, Vy G X), and homogeneous (i.e., 
f{Xx) = Xf{x) for all X G X, A G /C, where Xx :— X® x, Xf{x) = A ® f{x); the 
fact that we use the same notations for addition © both in /C and in X and for 
multiplication © both in /C and in JCxX will lead to no confusion). These defini- 
tions will be used also when K. is replaced by i? = {{—oo, +00), ffi = max, © = -|-) 
although it is not a semiring, and X is replaced by i?". Let us also recall that 
a semiring /C, or a semimodule X (over a semiring /C) is called b- complete, if it 
is closed under the sum © of any subset (order-) bounded from above and the 
multiplication © distributes over such sums. 

As in |13] and |14| . we shall make the following basic assumptions: 
{AO') K. — (/C, ©, ©) is a b-complete semifield (i.e., a 5-complete semiring in 
which every ^ G /C\{e} is invertible for the multiplication ©, where e denotes the 
neutral element of (/C, ©)), with idempotent addition ffi (i.e. such that A© A = A 
for all A G /C) , and the supremum of each (order-) bounded from above subset 
of /C belongs to /C; also, X is a, h- complete semimodule over /C. In the sequel we 
shall omit the word "idempotent" ; this will lead to no confusion. 

[Al) For all elements x e X and y G X\{\niX} the set {A G /C|Ay < x} 
is (order-) bounded from above, where < denotes the canonical order on /C, 
respectively on X, 

Remark 1 a) Refining a remark of [4, p. 415], it follows that /C has no greatest 
element sup/C, unless IC = {e} or K. — {e, e}, where e and e denote the neutral 
elements of (/C, ©) and (/C, ©) respectively. For, let /C 7^ {e} and JC =/= {e, e} and 
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assume, a contrario, that sup JC £ IC. Then 

sup IC — (sup /C) (g) e < (sup IC) ® (sup IC) < sup /C, 

whence (sup IC) ® (sup IC) = sup /C; smce (sup IC) ^ ^ e, multiplying both sides 
of this equality with (sup IC)~^ we obtain sup K. — e, so X < e for all A G /C. Since 
/C is a semifield, replacing here each A S /C\{e} by A^^ it follows that A > e 
and hence A = e, for all A £ IC\{e}. Consequently, IC — {s,e}, in contradiction 
with our assumption. The converse statement is obvious: if = {£,e}, then 
sup/C = e G IC. 

In the sequel, without any special mention, we shall assume that IC has no 
greatest element, since for IC — {e} the statements are trivial and for IC — {e, e} 
the subsequent results remain valid with similar but simpler proofs. 

b) IC is commutative, by {AO') and Iwasawa's theorem (see e.g. [5]). 

An important example of a pair {X, IC) satisfying {AO') and {Al) is obtained 
by taking 

X = Kiax - {{R U {-oo})", © max, ® +) (1) 

(with max and + understood componentwise), and K. := -Rmax- The results 
of [9] on i?" := {R, © := max, (8> := +)" can and will be expressed in the 
sequel as results on R^^^^ replacing _Rbyi?U{— oo} endowed with the usual 
operations max and +. Also, as has been observed in [5], many results on i?" 
remain valid, essentially with the same proofs, for X = i^^axj ^^e set of all 
bounded vectors x = {xi)i^i where / is an arbitrary index set and Xi £ R,^i £ 
/, supjg/ \xi\ < +00, endowed with the componentwise semimodule operations 
x' (Bx" := (max(x^, x'l))i£i, \x = {Xxi)i£i and the componentwise order relation 
x' < x" ^x',< x'l,yi G /. 

One of the main tools in [13 and [14^ has been residuation. We recall that by 
{AO') and {Al), for each y G X\{miX} (hence such that the set {A G /C| Ay < x] 
is (order-) bounded from above, by {Al)) there exists the residuation operation 
I defined by 

a;/y := max{A G /CjAy < a;}, Vx G X, Vy G X\{inf X}, (2) 

where max denotes a supremum that is attained, and it has, among others, the 
following properties (see e.g. [4]): 

{xly)y<x, Va;GX,Vy GX\{infX}, (3) 

yjy^e, Vy G X\{inf X}, (4) 

xl{iiy)^^L-^{xly), Va;GX,V/iG/C\{e},VyGX\{infX}. (5) 

In [13] and [14] we have considered only functions f : X ^ IC, where {X, IC) 
is a pair satisfying (^0') and (^1). Therefore by {Al), under the assumption 
of Remark [T^) above x/inlX, i.e. the residuation x/y of ([2]) for x E X and 
y = mix, is not defined. In the present paper we shall adjoin to IC an outside 
"greatest element" sup K, which wc shall denote by T, and extending in a suitable 
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way the operations © and (g) from K. to K. := /CU {T}, we shall then study 
functions f : X ^ K. := JCU{T}, that one may call "extended- valued functions" ; 
for example, we shall study topical (i.e. increasing homogeneous) and anti- 
topical (i.e. decreasing anti-homogeneous) functions defined on a semimodule 
X over K. with values in IC := ICU {T}. Naturally, the extension of the sum 
operation to sets M C IC, which we shall denote again by ®, must be ©Af := 
supM (in /C) if M is bounded from above in K. and ©M T = sup/C if M is 
not bounded from above in IC. Also, generalizing the lower addition -|- and upper 
• 

addition -I- on R, of Moreau (see e.g. |5]), we shall give two different extensions 
of the product (2) from /C to /C, denoted respectively by (E) (which will cause no 
confusion) and (g), that are dual to each other in a certain sense, so as to obtain 
a meaning also for x/iniX, with any x d X, and in particular for iniX/miX. 
Let us mention that in the particular case of the pair {X,IC) = (^maxi^max) 
such extended products and a table of the values of the residuations xjy for all 
x, y G ^max U have been given in T, Table 1]. 

First, in Section [5] we shall introduce and study the extended addition © 
and the extended products ® and ® in /C := /CU{T} and in Section [3] we 
shall use them to give characterizations of topical and anti-topical functions 
f : X ^ IC :— ICU {T} with the aid of some inequalities. For the case of topical 
functions these characterizations extend some results of |14j . 

Another domain where topical and anti-topical functions f : X ^ IC := 
A^U{T} play an important role is that of conjugate functions of Fenchel-Moreau 
type with respect to coupling functions n : X x X ^ IC, defined by f'^''^\y) := 
sup^gjsf f{x)~^TT{x,y),\/y G X. In Section|4]the extended products © and © will 
permit us to introduce for functions f : X IC :— IC U {T} their conjugates 
and biconjugates with respect to the coupling functions ip{x,y) — xjy, \/x € 
X,Vy e X, and ^p{x, {y,d)) := M{x/y,d},yx £ X,\fy £ X,\fd e IC, and to use 
them for the study of topical and anti-topical functions. We shall also consider 
the "lower conjugates" of / with respect to these coupling functions, defined 
with the aid of the product ©, that are useful for the study of biconjugates. 
The main differences between the properties of the conjugations with respect 
to the coupling functions (p, ip and the so-called "additive min-type coupling 
functions" : R^^^^ x R^^^ — )■ -Rmax, resp. tt^ : A" x A" — > A, where A is 
a conditionally complete lattice ordered group, studied previously e.g. in [9], 
respectively [12], defined by TTf_,{x,y) infi<,,<„(xi © yj),Va; = (xi) e R^^^ 
(resp. A^),\ly = (xji) £ R^sx (resp. A"-), are caused by the fact that while tt^ is 
"symmetric" (i.e., 7r^(x, y) = ir^{y, x),Mx G X, My G X) and takes values only in 
-Rmax (resp. A), if and ij} are not symmetric and take also the value -l-oo (resp. 
T) ; for example, since ■n^{x,y) is topical both in x and in y, while ip{x,y) is 
topical as a function of x and anti-topical as a function of y, it follows that 
while /^('^A') : R^^^ R is always a topical function, the conjugate function 
jciv) : X ^ IC is always anti-topical. 

In the subsequent sections we shall consider for the coupling functions tp and 
^ some concepts that have been studied previously for the additive min-type 
coupling function : R^^^ x R^^^ — ?► -Rmax and tt^ : A" x yl" ^ A, in [9] and 
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[T^ respectively. Thus, in Section[S]we shall study the polars of a set G C X for 
the coupling functions ip and ^/j, and in Section [6] we^shall consider the support 
set of a function f : X K. with respect to the set T of all "elementary topical 
functions" ty{x) x/y,Vx £ X,\/y & X\{mf X} and two concepts of support 
set of / : X ^ /C at a point xq € X. While for functions f : X ^ K. the theory 
of conjugations / — > f^^^^ is of interest, we shall show that for subsets G of 
X the theory of polarities G — >■ G°'^^^ permits to obtain some relevant results. 
Similarly to the case of conjugates of functions, the main differences between 
the properties of the polars of a set G with respect to the coupling functions 
ip,ip and the additive min-type coupling function tt^ : i?JJja.x ^ -^max ~^ ^max, 
are caused by the fact that while tt^ is symmetric and takes only values in i?max, 
</3 and ip are not symmetric and take also the value +00 (resp. T). 



2 Extension of /C to /C = /C U {T} 

Definition 2 Let JC = {K,, ©, ®) be a 6-complete semifield that has no greatest 
element. We shall adjoin to /C an outside element, which we shall denote by 
T, and we shall extend the canonical order < and the addition from /C to an 
(canonical) order < and an addition © on/C = /CU{T} by 

e < a < T, yaelC, (6) 
a © T = T © a = T, Va G ^; (7) 

hence the equivalence a</3<^Q;©/3 = /3 remains valid for all a, (3 G /C. 
Furthermore, we shall extend the multiplication (g) from JC to IC :=/CU{T} to 
two multiplications © and © by the following rules: 

a©/3 = a©/3, Va e /C, V/3 £ /C, (8) 

Q!©T = T©a = T, Va e IC, (9) 

a©T = T©a = T, elC\{e}, (10) 

Q;©£ = £©a = e, Va e IC. (11) 

We shall denote the extended product © also by concatenation. 

For the inverses in IC with respect to © we shall make the convention 

£-i:=T, T-i:=£, (12) 

whence, by the above, 

£"^£ = T£ = £ 7^ e, £"^©£ = T©£ = T 7^ e, (13) 
T-^T = £T = £ 7^ e, T-i©T = £©T = T 7^ e. (14) 

We shall call the set /C = /C U {T} endowed with the operations ffi, © and © 
the minimal enlargement of IC. 
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Remark 3 a) The product ® on is associative, i.e. we have 

(a0;0)(8)7 = a(8)(^(8)7), Va, /3, 7 e K!. (15) 

Indeed, if T occurs as a term in one side of P3|) . then that side must be equal 
to T (by ([9])) and hence one of the terms of the other side of (|T5t . too, must be 
equal to T (since if A, ^ S /C then = A(8)^G/Cby([8]), so A®^ 7^ T). On 
the other hand, if T does not occur in any one of the terms of (fTSj) . then (jisp 
holds by the usual associativity of (8> on /C. 

b) By the definition of (for a G /C) and by ([TU| (for a = e), we have 

a()^e — e(S)a — a, \/a & K.; (16) 
furthermore, by ([S]) and (jH]) we have 

a^e — e^a — a, Va G /C, (17) 

i.e., e is the unit element of IC for both products (E) and ®. 

c) and are called "inverses" only by abuse of language, as shown 
by ^ and (HI. 

d) We shall see that with the above definition, the notions and results of 
[131 114] on functions / : X — s- /C, where X is a semimodule over /C, admit 
extensions in the above sense to functions / : X — > /C, for the extended product 
(8) of (jlOp . (jlll) . Therefore in the sequel whenever we shall refer to a result of [Tl] 
or [13.,, we shall understand, without any special mention, its extension (using 
the above conventions) to functions f : X K., for the extended product (8> on 

Ic. 

e) Note that a priori the extended products (actions) A a; and A(g)x, where 
X G K, and x G X, need not be defined, except that by the definition of a 
semimodule X over /C, we have 

AinfX = A®infX :=infX, VA G /C. (18) 



Definition 4 We extend formula (|18l) to A = T by defining 

TinfX = T0infX := infX, (19) 

and we define 

A^inf X := A«)infX = inf X, VA G ^. (20) 

Remark 5 If one would define in any way the products Tx, where x € X, 
then for each "homogeneous" function / : X — > /C, in the "extended" sense 
f{Xx) = Xf{x),\/x G X, VA G /C, we would necessarily have 

_ r Tf{x) = T if /(x) ^ £ 
T/(x)=e if/(:r)=e, 

so /(Tx) could have only two values, namely either T or e. 
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Definition 6 Using (|18p. we define tlie extended residuation in the semimodule 
X over /C by (HJ and 

x/inf X sup{A G /C|AinfX < a;} = sup A = T, Vx G X, (21) 

Ae/c 

MX/. := sup{A e /C|Ax < MX} = { ^'/^t 1"'/ if . = inf X. (^2) 

Remark 7 a) In (PT|) we need to talce sup instead of max, since the set {A G 
A^jAinf X < a;} is not bounded in K, for any x € X and by Remark [T^) T ^ /C. 
b) For X = inf X, from ^ and/or ^ it follows that 

infX/infX = T. (23) 

We shall use the following extension of formula ^ : 

Lemma 8 We have 

x/{py) = n-^(k)ix/y) Vx, 2/ e X, /i e /C. (24) 

Proof. For y G X\{M X} and ^ G -'C\{e}, ([Ml) reduces to ©. 

For y G X\{MX} and fj. — e we have x/{ey) — x/MX — T and 
£"^i8)(x/2/) = T®(a;/y) = T. 

For y = inf X and each /i G /C we have x/(/i inf X) = x/ inf X — T ,\/x G X, 
and fi-^(g){x/ inf X) = /i^^^T = T, Va; G X. □ 

Lemma 9 For any x,y E X such that either x ^ inf X or y ^ inf X we have 

{x/y}-' = y/x. (25) 

Proof. lix,y e X\{MX}, then 

{x/y)^^ = (niax{A G /C|Ay < x})""^ 
= min{A^^ G IC\Xy < x} 
= min{A"^ G /C|A < xy''^} 

= ma,x{fi G /C|/i < yx"^} 

= max{// G /Cl/ix < y} = y/x- 

On the other hand, if either x X and y — inf X, or a; = inf X and y G X, 
then (Uni) follows from (gl]) and dH]). □ 

Remark 10 When x = y = inf X, formula (P5|) is not valid, since a;/?/ = y/a; = 
T and (x/y)^^ = [y/x)^^ = e. 

In the sequel the following properties of equivalence of some inequalities 
involving the extended products ®,® on K. will be useful: 



7 



Lemma 11 For all A, /x, /? e /C : 

A) The inequality 



(26) 



is equivalent to 



/3"V < A 



-1 



(27) 



B) The inequality 



\®IJL > l3 



(28) 



is equivalent to 



(29) 



Proof. A) The inequalities (|26l) and ^7} are equivalent ii X, fi, (3 € IC\ {e} 
(indeed, this follows immediately from the fact that aa^^ = e for any a G 
JC\{e}). Thus it remains to consider the cases when one of A, /i or /3 is £ or T. 

Case (I): A = e. Then (|26p means that s = epi < [3, which is true for all /i, f3, 
and (l?f|) means that P"-^^ < = T, which is also true for all /x,/3. Hence 

(ESD ^ (EZl). 

Case (Ila): A = T and fi = e. Then (pS)) means that e = Te < (3, which is 
true for all (3, and (l27l) means that e = I3~^fi < A~^, which is also true for all 
13. Hence (f26| ^ (fSTjl. 

Case (Hb): A = T and e. Then (|26|) means that T = T/i < (3, which 
implies that (3 — T, whence f3~^^ = SfJ' < A^^, so (f26| implies (f27| . In the 
reverse direction, (P7| means that < T^^ = e, whence either (3^^ = e or 

/i = e. But, if = e, then j3 — T, whence Xfi < f3 and, on the other hand, if 
/X = e, then A/i = Ae < /3. Thus in either case (|27p implies ((26)) . 

Case (HI) : /3 = e or /3 = T : the proof of the equivalence dH]) <^ (P7)) reduces 
to the above proofs of the cases A = £ respectively A = T, since (1^ and (P7)) 
are symmetric (by interchanging A and (3 with and A""'^ respectively). 

Case (IV): ji — e. Then (|26l) means that e = Ae < /3, which is true for all 
A, /3, and ((27)) means that e = < A~^, which is also true for all A, /3. Hence 

dSHl) ^ dSil). 

Case (Va): /.t = T and A = e. Then ([26)) means that e = eT < (3, which is 
true for all /3, and (f27| means that < T = A^^, which is also true for all 

13. Hence 1^ ^ 

Case (Vb): /i = T and X ^ e. Then (|26l) means that T = AT < /3, which 
implies that /3 = T, whence P^^^ — eji < A~^, so (|26p implies (|27l) . In the 
reverse direction, (P7)) means that f3^^T — (3^^^ < X^^ < T, whence P"-^ = e, 
so /3 = T. Therefore A^ < T = /3, and thus (H?]) implies CT . 

B) The inequalities and (HHI) are equivalent if A, /x, ^ e /C \ {e}. Thus it 
remains to consider the cases when one of A, /i or /3 is e or T. 

Case (I): (3 — e. Then (p8)) means that X®fi > e, which is true for all A,/i, 
and (f29| means that T = e~^®^ > X~^, which is also true for all X, ^. Hence 
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Case (Ila): /3 = T and = T. Then (gSl) means that T = A(g)T > T, which 
is true for all A and (l29l) means that T = £(g)T > A""'^, which is also true for all 
A. Hence (^5)) ^ (1^. 

Case (lib): 13 ^ T and ^ / T. Then (gH]) means that A®^ > T, which 
implies that A = T (since /i ^ T), whence (3~^®ij, > e — A~^, so (pS)) implies 
(|^^ . In the reverse direction, (1^^)) means that e ^ Sfi — > A^^, whence 
A"^ = e, so A®^ = T®^ > ;3, and thus jMl) implies ((28t . 

Case (III): If A = e or A = T : the proof of the equivalence (gS]) <;::^ (HI]) 
reduces to the above proofs of the cases (3 — s respectively /3 = T, since (1^ and 
PS]) are symmetric (by interchanging A and /3 with and A~^ respectively). 

Case (IVa): /i = £ and A = T. Then means that T = T®£ > /3, which 
is true for all (3, and p9| means that /3~^(8)£ > A^^ = £, which is also true for 
all 13. Hence ([28l) 4^ ([SQ]). 

Case (IVb): ^ = e and A 7^ T. Then (|28p means that £ = A(g)£ > /3, which 
implies that P = e, whence T — (3^^ = (3~^®ijl > X~^, and thus (pS)) implies 
(P^j) . In the reverse direction, means that e = f3~^i^e > A^^, whence 
A~^ = £, so A(g)/x = T®^ > ^, and thus implies (^51) . 

Case (V): = T. Then (|28p means that T = A(X)T > /3, which is true for all 
A,/3, and and ([^^ means that T = /3~^CS)T > A, which is also true for all A,/3. 
Hence ^ ^ □ 

Remark 12 a) In general, for A,/i,/3 6 /C, the inequality (|26)) is not equivalent 
to the inequality 

H < X-^I3. 

A counterexample is obtained by taking X — /3 — s and /i G /C \ {£}. Indeed, 
then ((26)) becomes £ < £, thus it is true, while the second inequality becomes 
/i < T£ — £, which is false. 

b) In general, for X, ^i, (3 e /C, the inequality ([28)) is not equivalent to the 
inequality 

fi > X-^®(3. 

A counterexample is obtained by taking X — 13 — T and /i G /C \ {£}. Indeed, 
then (|28l) becomes T > T, which is true, while the second inequality becomes 
/i > T, which is false. 

3 Characterizations of topical and anti-topical 
functions / : X — > /C in terms of some inequal- 
ities 

Definition 13 Let (X, K.) be a pair satisying (AO'), {Al), and let = /C U {T} 
be the minimal enlargement of /C. A function / : AT — > /C is said to be 

a) increasing (resp. decreasing), if x\x" G A, a;' < x" imply /(x') < f{x") 
(resp. fix') > fix")); 
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b) homogeneous (resp. anti-homogeneous), if 

/(Ax) = A/(a;), V.t g X, VA G /C (30) 

(resp. if 

fi\x)^X-^(bf{x), Vx G X,VA e /C); (31) 

c) topical (resp. anti-topical), if it is increasing and homogeneous (resp. 
decreasing and anti- homogeneous) . 

Lemma 14 a) Let f : X ^ IC be a topical function and for each y € X let 
ty : X K, be the function defined by 

ty{x) = fiy)x/y, yx G X. (32) 

Then we have 

ty < /, ty{y) ^ f{y). (33) 
Conversely, if t = ty : X JC is a function of the form 

t{x) = ty{x) = ax/y, \fx G X, (34) 

where y £ X, a G IC, satisfying (|33p . then a — f{y), so ty is equal to (|32p . 

b) Let f : X ^ JC be an anti-topical function. For any y £ X define 
Qy : X ^ K, by 

qy{x) {x/y)~^®f{y), V.t G X. (35) 

Then 

qy > /, qy{y) = /(y). (36) 
Conversely, if q = Qy : X K. is a function of the form 

q{x) = qy{x) = {x/y)'^®a, Va; G X, (37) 

where y G X, a E JC, satisfying (I36p . then we have a = f{y), so qy is equal to 

Proof, a) Observe first that for every homogeneous (and hence for every 
topical) function f : X ^ JC we have 

f{iniX)=s. (38) 

Indeed, by P^ . the homogeneity of / and (ITTt we have 

/(inf X) = f{eMX) = ef{MX) = e. 

Now let / be topical. If y G X\{mi X}, then since / is topical, by ((32|) . ([3]) 
and (III we have 

ty{x)^f{y)x/y^f{{x/y)y)<f{x), Vx G X, (39) 
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ty{y)^f{y){yly) = f{y)e^f{y). (40) 

On the other hand, if y = mf X, then by ([5^ . (CT. ([TT|) and 

tinfx(a;)-/(infX)(a;/infX)=eT-e</(x), Vx e X, (41) 

<infx(inf X) = /(inf X)(infX/infX) = eT e = /(infX). (42) 

Conversely, if ty is a function of the form ([34]) satisfying ((33l) and y G 
X\{infX}, so y/y = e, then we have a = ay/y = ty{y) — f{y). On the 
other hand, for y = inf X, formulae dM]), ([21]), (|M1) and ([Ml) mean that 

^inf x(a;) — ax/ inf X = qT, Va; G X, (43) 

iinfx < /, iinfx(inf X) = /(inf X) = e. (44) 
Hence by (|43)) for a; = inf X and the second part of (|44|) , we obtain 

aT ti„fx(inf X) = e, 

which, by ^ and dM]), imphes that a = e = /(inf X). 

b) Observe first that for every anti-homogeneous ( and hence for every anti- 
topical) function f : X JC we have 

f{MX) = T. (45) 

Indeed, by p^ . the anti-homogeneity of / , e^^ = T and © we have 

/(inf X) = /(einf X) = e"i®/(inf X) = T8/(inf X) = T. 

Now let / be anti-topical. If y G X\{mi X}, then by ([55]). the anti-topicality 
of /, © and dH) we have 

<Z,(a;) = (x/y)-i®/(y) = /((a;/?/)?/) > f{x), Vx G X, (46) 

Qyiy) = {y/yr'®f{y) = e-^®.f{y) = /(y)- (47) 

On the other hand, if y inf X, then by dSS]), (liSI). (P). and (PT|) . 

gi„f^(a;) = (a;/infX)-i®/(infX) = (a;/infX)-i®T = T 

> /(a;), Va;GX, (48) 
ginfx(inf^) = (inf X/infX)-i®/(infX) = T-i(g)T = T = /(inf X)(49) 

Conversely, if qy is a function of the form (1571) . satisfying ([55)1 and if y G 
X\{inf X}, so y/y = e, then by the second part of (|36l) we have a — {y/y)~^®a = 
lyiy) — f{y)- On the other hand, for y = inf X, formulae ([37)) . ([2T|). (|36)) and 
([l5l) mean that 

ginfx(a;) = (x/inf X)"^®q; = T"^®a = £(g)a, Va; G X, (50) 
ginfx > /, ginfx(infX) = /(infX) = T, (51) 
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whence by ([50)) for x = inf X and the second part of ([5T|) . we obtain 

= gi„fx(inf X) = T, 

which, by ©, (HU, dH) and (j45]), imphes that a = T = /(inf X). □ 

In [m Theorem 5] we have shown that if {X, /C) is a pair satisfying {AO'), {Al), 
then a function / : X is topical if and only if /(inf X) = e and 

/(2;Wy</(a;), Vx e X, Vy e X\{inf X} (52) 

(where the condition on y was needed in order to be able to define x/y). A 
similar characterization of topical functions f : X ^ IC in which the in- 
equality f{y)x/y < f{x) is replaced by f{y)sy^d{x) < f{x),Wx 6 X,yy G 
X\{MX},yd G JC, where 

Sy^dix) : = inf{a;/2/, d} = inf{max{A G /C|Ay < a;}, d}, 

Va; G X,yy e X\{miX},\/de IC, (53) 

has been given in 14, Theorem 16]. Now, with the aid of the multiplication (g) on 
/C defined above, we shall extend these results to functions / : X — >■ /C, replacing 
the conditions y G X\{inf X} and d £ K. hy y & X and d E JC respectively. To 
this end, for the case of topical functions we shall extend Sy^d{x) to all y G X 
and d G by ^ and 

SinixA^) ■ inf{a;/infX,4 = inf{T,4 = d, ^x e X,\Jd eK,{M) 
Sy^-jix) : ^mi{x/y,T] = x/y, VxgX,Vj/GX. (55) 

Moreover, we shall also give corresponding characterizations of anti-topical 
functions, using the multiplication ® defined above and the functions 

Sy,d(a;) := sup{(x/?/)~\4, \fx £ X,yy e X,\fd elC; (56) 

note that in particular for the extreme values d — e and d = T in (|56p we have, 
respectively, 

ly^x) = sM{x/y)-\e} = {x/y)-\ Vx G X, Vy G X, (57) 

Sj,,t(x) =sup{(:E/y)-\T} = T, 'ix £ X,'iy £ X. (58) 

Theorem 15 Let {X,IC) be a pair that satisfies (^0'), {Al). 

a) For a function f : X ^ K. the following statements are equivalent: 

1°. / is topical. 

2°. We have ^ and 

f{y)x/y< f{x), yx£X,yy£X. (59) 

3°. We have ^ and 

f{y)sy.d{x)<f{x), Wx£X,yy£X,W£lC. (60) 
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b) For a function f : X ^ K, the following statements are equivalent: 
1°. / is anti-topical. 
2°. We have l\M and 



f{y)®{x/y)-^>f{x), yxeX,yyeX. (61) 

3°. We have (gS]) and 

f{y)^Sy,dix)> fix), yx€X,yyeX,WelC. (62) 

Proof, a) The implication 1° ^ 2° follows from Lemma [14] a) and its proof. 
2° =J> 1°. Assume 2°. We need to show that / is increasing and homogeneous. 
Assume that x,y G X,y < x. Then e < x/y and due to (fTC)) and ([M)) one 

has 

f{y) = f{v)e < fiy)x/y < fix), 

so / is increasing. 

Assume now that x G J'('\{inf X} and A G IC\{e}, so Xx G X\{inf X}, x/x = 
e (by (jll)) and AA"^ e. Then by ([59]) with y = Ax we have fi\x)x/Xx < fix), 
whence using also ([5]), 

fiXx) = A/(A.x)(A-ix)/a; ^ \fi\x)x/\x < Xfix). (63) 

On the other hand, for a; inf X, A G JC, we have, by ([T^ . ([55]) and ([S]), 

/(Ainf X) = fiiniX) = e A/(inf X). (64) 

Moreover, ii x E X,X = e, then by ex = inf X, Vx G A", and ([38]) we have 

/(ex)=/(infA)=e = e/(.x). (65) 

Furthermore, if y G A\{inf X}, A G /C, then by ([4]) and ([59]) with x — Xy we 
have 

A/(y) = fiy)iXy)/y < fiXy)- (66) 

On the other hand, for y ~ inf A, A G /C, we have 

A/(inf A) = Ae = e = /(Ainf A). (67) 
From (|63 |) -([67 ]) it follows that / is homogeneous. 

2° 3°. Assume 2°. If a; G A, y G A\{inf A}, then for any d elC we have, 
by ([53]) and 2°, 



fiy)syA^) = /(y) inf{x/y,d} < fiy)x/y < fix). 
If y = inf A, then by ([38]) we have 

/(inf A)sinfx,d(a;) = ssinix.di^) = e < fi^)^ G A,Vd G /C. 
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3° ^ 2°. Assume 3°. lixeX,y £ X\{miX}, then by 3° with any d > x/y 
we obtain 

f{y)x/y = f{y)ini{x/y,d} = !{y)sy^d{x) < f{x). 

Finahy, if x £ X, y = inf X, then f{miX){x/MX) = eT = e < f{x). 
b) The imphcation 1° ^ 2° foUows from Lemma [HI b) and its proof. 
2° 1°. Assume 2°. We need to show that / is decreasing and anti- 
homogeneous. 

Let x,y £ X,y < X. If y G A'\{inf A"}, then e < x/y, so e > {x/y)~^, and 
hence, due to P7|) and (pD) . one has: 

/(y) = /(j/)®e > > f{^)- 

On the other hand, if y = infX, then by (|^5t and ([H]) we have /(inf AT) = 
T > /(a;), so / is decreasing. 

Assume now that x G Ar\{inf X} and A G IC\{e}. Then by ((6T|) with y ^ Xx 
we have /(Ax)(8)(a;/Aa;)~-^ > /(x), whence, since (x/Xx)"^ = {X~-^x/x)~-^ = X 
(by (O and (jH)), we obtain f{Xx)®X > f{x). Hence, since A G /C\{e}, it fohows 
that 

f{Xx) > A-i®/(x). (68) 

On the other hand, if a; G X\{mi X} and A = e, then by (gS]), ^ and (fT2|) 
we have 

/(ex) = /(inf X) = T = T®/(x) = £-i®/(x). (69) 
Furthermore, if x = inf A, A G /C, then by (IT^ . (^5]) and (O, we obtain 

/(Ainf a:) = /(inf X) = T > A-i®/(inf AT). (70) 

Assume now that y G X\{inf X} and A G IC\{e}. Then by (|6T|) with x = Xy 
we have f {y)®{Xy / y)~^ > f{Xy), whence by (jH), 

/(Ay) < /(y)^(Ay/y)-i = A-i®/(y). (71) 

On the other hand, if y = inf X and A G JC\{e}, then by (0, © and P5)) . 

/(Ainf a:) < T = A"^®T = A"i®/(inf a:). (72) 

Finally, assume that X = e. Then by ex = inf X, Va; G X, (I45p and ([9]) we 
have 

/(ex) = /(inf a:) = T = Tcg)/(a;) = £-i®/(x), Vx G AT. (73) 
From (|68p - ([73|) it follows that / is anti-homogeneous. 

2° ^ 3°. Assume 2° and let y G X, x G X\{inf AT}. Then for any delCwe 
have, by ^ and 2°, 

/(y)®Sy,d(x) = /(y)®sup{(x/y)-\d} > /(y)®(x/y)-i > /(x). 
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On the other hand, if y E X,x = inf X, then by ([55)1 and (HI]), for any d £ K. 
we have 

f{y)®Sy^d(^^iX) = /(y)®sup{((infX)/y)-\d} 

r /(y)®sup{e-i,d} = /(y)«.T = T ifj/^infX 
\ /(infX)«)sup{T-i,d} = T®d = T ify^infX, 

whence, by (gS]), /(?;)(g)Sj,,d(inf X) = T = /(mf X). _ 
3° 2°. Assume 3°. If y G e X\{inf X}, then by 3° with any d G /C 
such that d < {x/y)~^ we obtain 

f{y)®{x/yY^ = /(y)®sup{(a;/2/)-\4 = /(y)®Sy^<i(2;) > /(a:). 

Furthermore, if y G X\{inf X}, x = inf X, then by (HT]) and (H5|) . 

/(y)®(inf X/y)-i = /(y)®e-i = /(y)®T = T = /(inf X). 

Finally, if y = a; = inf X, then by (US]) and (inf X/ inf X)^^ = T"^ = e we 
have 

/(inf X)®(inf X/inf = T®e = T = /(inf X). □ 

Remark 16 In the statements of Theorem [15] one can replace, equivalently, 
the inequalities by equalities. For example in Theorem 1151 a) Statement 2° can 
be replaced, equivalently, by 
2'. We have ^ and 

sup/(yWy = /(x), yxeX. (74) 

Indeed, for each x G X\{inf X} the sup in (I74p is attained at y = a:;. On the 
other hand, for x — inf X we have sup^^^ /(y)(inf X/y) = e = /(infX) (by 
(|38]) ). Thus 2° 2'. The reverse implication is obvious. 

Similarly, in Theorem 1151 a) Statement 3° can be replaced, equivalently, by: 

3'. We have JM]) and 

sup _f{y)sy,d{x)^ fix), MxcX. (75) 

(y,d)GXxK; 

Indeed, for each x G X\{infX} the sup in ([75]) is attained aX y = x,d> e 
(since then f{x)sx.d{x) = f{x)u\i{x/x,d} = f{x)e = f{x)); furthermore, for 
X = inf X,y G X\{mf X}, so inf X/y = e, and any d G /C, we have, by ([^^ and 
([38]), 

sup /(y)sy,d(inf X) = sup /(y) infjinf X/y, d) = sup /(y)£ = e = /(inf X); 

y£X yeX y£X 

finally, if a; = y = inf X, then for any c? G /C we have, by ([38]) . 

/(inf X)sinfjs:,<i(inf X) = esjnf x,d(inf X) ==£ = /(infX). 

Thus 3° 3'. The reverse implication is obvious. The cases of Theorem [T5b) 
are similar. 
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Corollary 17 a) // / is topical and for some y £ X we have f{y) = T, then 
for each x G X either f(x) = T or x/y — e. 

b) If f is anti-topical and for some y £ X we have f{y) = e, then for each 
X € X either f(x) = e or (x/y)^^ ~ T. 

c) A function f : X ^ K. cannot be simultaneously topical and anti-topical. 

Proof, a) If / is topical, x,y £ X and f{y) — T, then by Theorem [TSk). 
implication 1° =^> 2°, we have Tx/y < f{x). Hence if f{x) ^ T, then by ([T0|) we 
obtain xjy — e. 

The proof of part b) is similar, mutatis mutandis. 

c) This follows from the fact that values of / at ini X are f{miX) = e 
and fiiniX) = T for topical and anti-topical functions respectively, and T ^ 
e. □ 

Corollary 18 Let {X,JC) be a pair that satisfies {AO'), (Al). 

a) For a topical function f : X ^ K. one has 

f{x)-'x/y < f{y)-\ Vx G X, y e X (76) 

b) For an anti-topical function f : X ^ JC one has 

f{x)-^®{x/y)-^>f{y)-\ VxeXyy^X. (77) 



Proof. Part a) follows from Theorem [15] a) and Lemma [Til a) . 
Part b) follows from Theorem [15] b) and Lemma [Tl]b). □ 
The following Corollary of Theorem [15] gives characterizations of the func- 
tions / that satisfy the inequalities ([5^ - ([5^ : 

Corollary 19 Let {X,IC) be a pair that satisfies (^0'), (Al). 

a) For a function f : X ^ K, the following statements are equivalent: 
1°. We have 

2°. We have 

3°. Either f is topical or / = T. 

b) For a function f : X ^ K. the following statements are equivalent: 
1°. We have 

2°. We have ([62]l . 

3°. Either f is anti-topical or f = e. 

Proof, a) 1° 3°. Assume that we have 1° and / is not topical, so 
/(inf X) ^ e (by Theorem [T5ji)). Then by ^ and ([59]) (applied to y ^ ini X) 
we have 

/(inf X)T = f{miX)x/miX < f{x), Va; £ X, 

whence, since /(infX)T = T (by /(infX) ^ e), it follows that T < /(x),Va; G 
X, and hence / = T. 
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3° ^ 1°. Assume 3°. If / is topical, then we have & by Theorem [HJa). On 
the other hand, if / = T, then ((59)) holds since T is the greatest element of JC. 
2° ^ 3°. If 2° holds, then by 1^ and §Ui) applied to d = T we have 

f{y)^/y = fiy)sy.Tix) < f{x), yx e x,Vy e x, 

so we have ([55)1 . Hence by the implication 1° 3° proved above, we obtain 3°. 

Finally, the proof of the implication 3° 2° is obtained replacing in the 
above proof of the imphcation 3° =i> 1°, ([59]) by ()60)) . 

b) 1° 3°. Assume that we have 1° and / is not anti-topical, so /(inf X) ^ 
T (by Theorem [ISb)). Then by dH]), T^^ = e and dHI) applied to y = inf AT, 
we have 

/(inf X)®e = f{miX)^{x/MX)-^ > f{x), Vx £ X, 

whence, since /(inf X)(E}e — e (by /(inf X) ^ T), it follows that e > f{x),\/x G 
X, and hence / = £. 

3° 1°. Assume 3°. If / is anti-topical, then we have (I5T)) by TheoremllSb). 
On the other hand, if / = e, then (|CT)) holds since e is the smallest element of 
K. 

Similarly, the proofs of the implications 2° ^ 3° and 3° =^ 2° are dual to 
the corresponding implications of the above proofs of part a). □ 

Remark 20 The constant function / = T is not homogeneous, and hence not 
topical. Indeed, we have T(ea:) = T, but eT{x) = £,Vx G X. However, / = T 
is anti-topical, since T(Aa;) = T , X~^^T{x) = T,Va; G X,\/X G IC. Let us also 
mention that the constant function / = e is topical and hence not anti-topical. 

4 Characterizations of topical and anti-topical 
functions f : X ^ K, using conjugates of Fenchel- 
Moreau type 

We recall that for two sets X and Y and a "finite coupling function" tt : X xY —>■ 
R, respectively tt : X xY ^ A, where A = {A, ©, ig)) is a conditionally complete 
lattice ordered group, the Fenchel-Moreau conjugate function (with respect to 
tt) of a function f : X ^ R, respectively f : X ^ A, where A is the canonical 
enlargement of A, has been studied in [§1 [T2] . 

For the next characterizations of topical and anti-topical functions / : AT — >■ 
/C it will be convenient to introduce the following similar notion of Fenchel- 
Moreau conjugations: 

Definition 21 Let (X,/C), {Y,JC) be two pairs satisfying (AO'), (Al), let TC := 
/CU {T} be the minimal enlargement of K,, and let tt : A" x y be a function, 
called "coupling function". The Fenchel-Moreau conjugate {with respect to tt) 
of a function f : X ^ IC \s the function /'^f'^' : F — > /C defined by 

f<-\y) sup f{x)-\{x,y), Vy G Y. (78) 
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If a £ /C and X is any set, we shall use the same notation a also for the 
constant function f{x) = a,\fx £ X, and we shall write briefly / = a or / = a. 

Remark 22 a) For the constant function / = T we have 

T<-\y)^e, yyeY. (79) 

Indeed, by ([12]) and we have 

T'^'^'^y) = snp{T{xy^)TT{x,y) = sup e7r(a;, y) = e, Vy G 

b) For the constant function / = e we have 

£c(7r)^y^ — sup e(a;)~"^7r(a;, y) = supT7r(a:,y) 

xex xex 

T if 3x0 e X, 7r(a;o,y) ^ s 
e if 7r(a;, y) — e,\/x £ X. 



(80) 



c) If f :X JC and a;o G X are such that /(xq) e (c-g-, if / is homoge- 
neous, or in particular, topical, and x^ — inf X) and if y^ G F, 7r(a;o, yo) 7^ 
then 

rW(yo) = T. (81) 

Indeed, by ^ and e"^ T we have f'^'^^'Hya) > /(xo)" V(xo, yo) = 
T7r(xo,?/o)j whence by 7r(a;o,yo) 7^ £, (HJ) and dH) we obtain (|5T|). 

Here we shall be interested first in the case where {X, JC) is a pair satifying 
(AO'), (Al) and Y := X, with the coupling function n^if: XxX^K. defined 

by 

^(x, y) := x/y = y*(x), £ X, Vy £ X. (82) 

In a different context, related to the study of increasing positively homogeneous 
functions / : C i?+ defined on a cone C of a locally convex space X endowed 
with the order induced by the closure C of C, with values in R+ = i? U {-|-c»}, 
the coupling function ([5^ has been considered in [B]. 

Second, we shall be interested in the coupling function tt — if; : X y.{X xlC) ^ 
K defined by 

%l)(x,{y,d)) ■.= \ni{x/y,d\ = Sy,d{x), Vx € X,yy € X,\/d G IC. (83) 

For TT = If and tt — ip Definition [2T] leads to: 

Definition 23 If {X,IC) is a pair satisfying (AO'), (Al), the Fenchel-Moreau 
conjugate of a function f : X ^ K- 

a) associated to the coupling function (p of (|82p . or briefly, the if -conjugate 
of f, is the function : X ^K. defined by 

r('^)(y) := sup f[x)-^x/y, Vy G X; (84) 
xex 
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b) associated to the coupling function tp of (j83p . or briefly, the ^-conjugate 
of f, is the function : X xK. ^K. defined by 

rW(y,d) = sup/(x)-is,.d(a:), My X,\/d (^IC. (85) 

Remark 24 a) For any function / : X — > /C, the conjugate function f^^-v) : 
X ^ K. is decreasing (i.e. yi < y2 ^ f^'^'^^Ui) ^ f'^''^\y2)) and anti- 
homogeneous (i.e. f'^'^'^\\y) = X~^'^f'^'^'^\y) for all j/ G X and A G /C, since by 
Lemma [8] we have 

r(^)(A2;) = sup fixy^x/Xy - sup f{x)-'X-^<g>x/y 
xex xex 

= A-i® sup f{x)-^x/y = A-i®r('^)(y)), 

so /'^('^) is anti-topical. This should be compared with the situation for the con- 
jugates of / with respect to the so-called "additive min-type coupling functions" 
TT^ : R'^^^ X R^^^ i?max defined P E] by 

7r^(a;, y) = niin {x., + yi), \/x = (xi) G R'^.^y^'iy = {yi) G i?max- (86) 

1<2<?1 

with + denoting the usual addition on i?max, and respectively tt^ : x A" A, 
where is a conditionally complete lattice ordered group, defined 12 by 

7r^(a;,y):= ini{x,®yi), Va; = (.x^) G Vy = (y^ e (87) 

l<2<n 

For example, in the latter case the conjugate f'^^'^f^ : A" ^ ^ of a function 
/ : A" — A (where A is the canonical enlargement of A) is a ^-topical function 
(see [HI Proposition 6.1]). Note that for X = A" and ip,?:^ of dMl), (gZl) we 
have 

<f{x,y) = x/y inf (x, (g) (y-^)) = 7r^(x,y-i), Vx G A",Vy G A", 

l<i<n 

where y"^ := (y,^^)i<j<„ (see e.g. pQ Remark 2.4(a)] for R^^^). _ 

b) By (inSl) (extended to all y e X) and (US]), for any f : X ^ K and the 
extreme values d = e and (i = T in (j85p we have, respectively, 

rW(y,£) = sup f{xr^sy^,{x) = sup /(x)-ie = e, Vy G X, 

(89) 

rW(y,T) = sup f{x)-^sy.j{x) = sup /(x)-ix/y = T^^^y), Vy G X 

a;eX x£X 

(90) 

Theorem 25 Let {X,IC) be a pair satisfying assumptions {AO') and {Al). For 
a function f : X ^ fC the following statements are equivalent: 
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1°. / is topical. 

2°. We have §^ and 

r^'^Hy) ^ fiyr\ VyGX. (91) 

3°. We have §^ and 

r^^\y,d) = f{y)-\ WyeX,WelC\{e}. (92) 

Proof. 1° 2°. If 1° holds, then by Theorem[in]a) and Corollary US] a) we 
have dlSl) and (ESI). Consequently by ^ and (US]) we obtain f^'^^y) < /(y)~^ 
In the reverse direction, by (|84)) we have 

r('^)(2/) = sup f{xr^x/y > f{y)-'y/y, y eY. 

If y ^ inf X, then y/y — e and f{y)^^y/y — f{y)^^, so we obtain ([?T]) . 
Uy = MX, then by dH]), dSH]) and dM]) we have 

f^'P^MX) = sup f{x)-^x/MX > /(infX)-Mnf X/infX = TT = T, 

whence /'=(^)(inf X) = T = = f{MX)-^. 

2° =^ r. If 2° holds, then for all x,y e X we have, by §^ and dH]), 
f{xy^x/y < f'''-'^\y) = f{y)~^, whence f{y)x/y < f{x) (by Lemma [Jl]). 
Hence, by Theorem [T51 a) . / is topical. 

1° ^ 3°. If 1° holds, then by Theorem [15] a) we have ([38]). Assume now 
1° and let X € X,y e X\{infX},d e IC\{e}. Then by ([53]) (extended to aU 
y e X), 1° and Theorem [15] a) we have 

fiy)sy,d{x) - /(y) inf{x/y, d} < f{y)x/y < /(x), (93) 

whence f{x)~^Sy^d{x) < f{y)^^ (by Lemma [TT]). Hence by ([55]) and since a; e X 
has been arbitrary, we get 

rW(y,d) = sup{/(x)"is,.d(x)} < /(y)-i. (94) 

On the other hand, by ([S3]), y G X\{inf X} and ^ we have 

SyAdy) = M{dy/y,d) = d. (95) 

Hence, by ([85]) and ([95]) . for any f : X ^ K. (not necessarily topical) and any 
y e X \ {inf X}, d e JC\{e} we have 

r^^'Hy^d) > f{dy)-\sy,d{dy) = f(.dy)-H, 

whence, since by 1° and dd^^ = e there holds 

f{dy)-^d - {df{y))-^d - dd-'f{y)-' - f{y)-\ 
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we obtain the opposite inequality to (IM)) . and hence for y G X\{inf X}, d G 
IC\{s}. 

Assume now that y = ini X and d e IC\{e}. Then by (HT)), ([23) and pU)). 

jcW(infx,d) = sup /(a;)-Mnf{a;/infX,d} 

= sup f{x)^^ inf{T, d} = sup f{x)^^d 
x&x xex 

> /{MXy^d^ e-^d=Td = T, 

so we have f<'f'\MX,d) = T = = /(infX)-\ and hence dM]) for all 
d e /C\{e}. 

Finally, for d = T we have, by 0, r'^'''\y,T) = r'^'^\y),Vy & X, so the 
equalities of 3° for d = T and 2° coincide. Hence by 1° and the implication 
1° 2° proved above, we have ([M)) also for d = T. 

3° ^ 1°. If 3° holds, then for aU x,y e X,d e lC\{e}, we have, by ([85]) 
and m, f{^r^sy^d{x) < rW'Hy) = f{yr\ whence < /(x) (by 

Lemma [TT|) . Furthermore, for d = e we have f{x)''^Sy,^{x) = e < f{y)~^, 
whence f{y)sy^e{x) < f{x),\/x G X,Vy G X (by Lemma [TT|) . Consequently, by 
Theorem [T5k) . / is topical. □ 

Remark 26 a) One cannot add d = e to statement 3°, since by (|89l) we have 
/'^('^)(y,e) = e,V?/ G X, which shows that for a topical function f : X K. 
(hence / ^ T by dMl)) one cannot have r'-'l'Hy,s) = f{y)-\yy G X. 

b) Alternatively, one can also prove the implication 1° ^ 2° of Theorem [25] 
as follows.' If 1° holds, then by Theorem [15] a) we have psp and (|59|) . whence 
by Lemma ITT] we obtain 

sup /(x)-ix/2/ < /(2/)-\ yyeY. (96) 

kGX 

Now, if y ^ inf X, then the sup in (j96p is attained at x = ?/, since f{y)^^y/y = 

Furthermore, ii y ~ inf X and there exists xq £ X such that /(xq) ^ T, or 
equivalently, /(xp)^^ ^ e, then 

sup /(x)-i(x/inf X) > /(xo)-i(xo/inf X) = T, 

kGX 

whence by ([55)1 we obtain sup^.^^ /(2;)~^(a;/ inf X) = T = = /(inf 
Finally, if / = T, then 

sup T(x)~"^x/y = £ = T{y)^^, Vy G F. 
xex 

Thus in all cases we have equality in (^5)) . 

Concerning a similar proof for the implication 1° 3° of Theorem [55] we 
only observe here that, as above, 1° implies the inequalities (i93l) . Vx G X, Vy G 
X,Vd G /C\{e}, whence ^^y eX,yde IC\{e}. Hence, for y = x G X\{inf X} 
one obtains f{x)^^Sx.d{x) = f{x)^^ inf{x/x, d} — f{x)~'^ whenever e < d. 
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c) Theorem above should be compared with ^ Theorem 5.3] and [T^ 
Theorem 6.2]; according to the latter a function / : — >■ A, where A and A are 
as in Remark [Mk) above, is "(g)-topical" (i.e., increasing and "(g)-homogeneous" ) 
if and only if for the couplimg function tt^ of (|87p we have 

r^^-Hy)^[fiy-')r\ yyeA\ (97) 

The reason for this discrepancy between ([97]) and Theorem [25] is shown by 
formula (|88p above. 

d) From Corollary [TOb) one obtains characterizations of the functions / that 
satisfy the equalities (|9ip . (|92p . namely, for a function f : X ^ JC the following 
statements are equivalent: 

1°. We have 

2°. We have (|92| . 

3°. Either f is topical or / = T. 

Indeed, if we have (l9Tt . that is, snpx£xf{x)^^x/y — f{y)^^,Vx e X, Vy G 
X, then by Lemma [TT] we obtain the inequalities ([59l) . whence by Corollarv[T9k) . 
either / is topical or / = T. In the reverse direction, if / is topical, then (|9ip 
holds by Theorem [25l while if / = T, then (I9ip holds since 

S'^Pxex'^i^y^x/y = sup^g^ex/y = e = T(?;)"\ Vy £ X. 

On the other hand, if ([5^ holds, then for = T we have, by ([M]) 

/cM(y)^/cW(y,T) = /(y)-i, VyGX, 

whence by the implication 1° ^ 3° proved above, we obtain 3°. Conversely, if 
3° holds and / is topical, then (|92|) holds by Theorem [25l while if / = T, then 
((92|) holds since 

rf) = sup3.g_YT(a;)^^ infja;/?;, d} ~ supeinfjx/y, d} = e 
= T(y)-i, VyeX,Vde 

Lemma 27 Lef (X, A^) be a pair satisfying assumptions {AO') and (Al) and let 
ip : X X X ^ IC be the coupling function (|82p . Then 

a) For each y E X the partial function ip{., y) is topical. 

b) For each x €z X the partial function ip{x, .) is anti-topical. 

Proof, a) Let y € X. Then by the properties of extended residuation, for 
each x', x" , x,y G X and X G K. we have 

x' < x" ^ ip{x' ,y) ^ x' /y < x" /y ^ (p{x" ,y), 
X e X, X E K, ^ ^{Xx, y) ~ {Xx)/y = X{x/y) = Xip{x, y). 

b) Let X E X. Then by the properties of extended residuation, for each 
J/', y", y,x E X and A G /C we have 

y' < y" 'P{x,y') ^ x/y' > x/y" ^ ip{x,y"), 

y E X, X E K. ^ (p{x, Xy) ~ x/ Xy ^ X^^^x/y — X^^®ip{x,y). □ 
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Remark 28 a) We know already part a), since in other words it says that the 
function : X ^K. defined by ^ is topical (by [13] when y G X\{inf X} 
and since {ini Xf ^ ./inf X = T by (PT|l). 

b) Lemma[23should be compared with the fact that for the coupling function 
TT^ : X A" A oi ([57)1 the partial functions 7r^(., y) and 7r^(a;, .) are topical. 

Definition 29 If (X, /C) is a pair satisfying (A0'),(A1), f/ie Fenchel-Moreau 
lower conjugate of a function f : X K, 

a) associated to the coupling Junction if of (|82p . or briefly, the ip-lower con- 
jugate of f, is the function /^("^^ : X — !> /C deflned by 

inf Vy 6 X; (98) 

b) associated to the coupling function tp of (|83[) . or briefly, the ip-lower 
conjugate of f, is the function /^(^) : X — !■ /C deflned by 

f'^'^\y,d) := inf {f{x)-^<^SyAx)}, Vy G X,Vd G K, (99) 
with Sy.dix) of ([56]) . 

Remark 30 a) For any function / : X — >■ /C smc/i that / ^ e ifte Zower conjugate 
function f^^'-^^ : X ^ K. is topical. Indeed, since j/i < j/2 implies that {x/yi)~^ < 
(a:/y2)~\ /^^'^^ of dMl) is increasing. Furthermore, if y G X\{inf X}, A G /C, then 
by dS]) we have 

/('^)(Ay) = inf /(a;)-i(^(x/Ay)-i = inf /(a;)-i®(A-ij:/y)-i 
= Xmlf{x)-'^{x/y)-'^Xf'^^\y); 

xex 

on the other hand, if y = inf X then since by / ^ e there exists a;o G X such 
that /(a^o)~^ 7^ T, we have 

/''('^)(Ainf X) = /('^)(inf X) = inf f{x)-^(S)ix/MX)-^ 

< f{xo)-'^ixo/MX)-' = f{xo)-^^e = e, 

whence /^('^)(Ainf X) = e = A/''('^)(inf X), so /^(^) of ^ is homogeneous, 
and hence topical. 

However, note that for the constant function e, that is, s{x) = e,Va; G X, 
we have 

(y) = (y^ d) = T, Vy G X, Vd G (100) 

indeed, 

£''M(y) = inf {£-i®(a;/j/)-i} = inf {T(E){x/y)-^} = T, Vy G X, 
xex xex 

and the last equality of (jlOOp follows similarly. Consequently, by Remark [20l 
</ie lower conjugate function e^^v) ig anti-topical. 
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b) By ([55)) . ([57]) and ([55)) . for any / : X — > /C and the extreme values d = e 
and d = T in ([99]) we have, respectively, 



= inf = inf (101) 



nf /(a;)"^C3T 
ex 



/W(y,T) - inf /(a;)-i®s,,T(x) = inf /(a;)-i®T (102) 



c) We have 



/(^)(2/)= inf f{x)-'^y/x, Vy G X\{inf X}, (103) 

a;eJf\{inf Jf} 

fM{y^d)= inf /(a;)-i®sup{y/a;,d}, Vy G X\{inf X}, Vd G 

xGX\{inf X} 

(104) 

Indeed, the equalities (jl03p and (|104p are due to the fact that if y ^ inf X, 
then by Lemma |9l ([21]) and ((9|) we have (inf X/y)^^ = y/ ini X and 

/(inf X)-i(K)(y/inf X) = f{MX)-^^T = T, Vy G X,Vd G IC, 

respectively 

/(inf X)-i«)sup{(y/inf X),d} = /(inf X)~i® sup{T, d} = T, Vy G X,Vd G ^. 

Theorem 31 Let {X,IC) be a pair satisfying assumptions (AO') and (Al). For 
a function f : X IC the following statements are equivalent: 

1°. / is anti-topical. 

2°. We have IgB and 



f^'^Hy) = f{yr\ Vy G X. (105) 
3°. We have ([45]) and 

f'^^\y,d)^f{y)-\ yxexydeic. (106) 



Proof. 1° ^ 2° : If 1° holds, then by Theorem [T5] b) we have ([i5|) . 
Furthermore, by Corollary [15] b) we have ([77]) . and hence /^''^-'(y) > f{y)~^- 
In the opposite direction, if y G X\{infX}, then by ([98)) and ([4]), we have 

/^(^)(y) = inf {/(a:)-i®(x/y)-i} < f {y)-' ®{y / y)-' = /(y)-\ 

whence, finally, /^'■'^-'(y) = fiy)~^,'^y & X\{inf X}. Furthermore, for y = inf X 
we have, by ^ and ([i5]) . 

/*('^)(inf X) = inf /(a;)-i(g)(a;/infX)-i < /(inf X)-i®(inf X/inf X)"! 

= T-i®T-i = £ = T-i = /(infX)-^ 
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2° =^ 1°. If 2° holds, then for all x,y £ X we have, by ^ and pUS)) . 

> = Hence f{y)(k>{x/y)-^ > f{x) (by Lemma 

[TT|) and therefore, by Theorem [15] b) , / is anti-topical. 

1° =^ 3°. If 1° holds, then by Theorem [TH] b) we have (gll). Assume now 1° 
and let x,y £ X,d £ IC. Then by ([TO]) . 1° and Theorem [15] b) we have 

f{y)<S>SyAx) = f{y)® snp{{x/ y)-\d} > f{y)®{x/y)-^ > /(x), 

and thus f{x)~^^Sy_dix) > f{y)^^ (by Lemma [TT|) . Hence by (|99)) . and since 
x G X was arbitrary, we get 

rW(y,d) = inl{f{x)-'(g>sy,,{x)} > f{y)-\ (107) 

In the opposite direction, by (IMl) and ([55|) . for any f : X ^ ]C, y G 
X\{infX} and d e IC\{s} we have 

/'('^'(y,^) < fid-'y)-'^sy,did-'y) 

= f{d-'yr'(bsnp{{d~'y/y)-\d} = f{d-^y)-^®d. 

Hence, since by 1° and d E IC\{e} we have 

f{d-'y)-'^d = {d<E)f{y))-'^d = {d-'<E>f(y)-')^d = f{y)-\ 

we obtain the opposite inequality to (I107p . and hence the equality (|106p for 
y eX\{infX},de/C\{e}. 

Assume now that y = inf X and d e IC\{e}. Then by (HSJ), (jU) and 

(fTT|) we have 

/''('^)(infX,d) = inf /(a;)-i®sup{(a;/inf 

= inf /(x)~"^{E>sup{£, c?} = inf f{x)^^'S)d 

< /(inf X)-^(8)rf = T"i(^d = e®d = erf = £ = /(inf A:)-\ 

so we obtain the opposite inequality to (|107p . and hence the equality p06p for 
y = mfX,de IC\{e}. Thus, the equality (fT06| holds for all y £ X, d e /C\{e}. 

Finally, for y G X, d = e we have, by (|10ip . 1° and the implication 1° 2° 
proved above, 

/«W(2;,e) = /«(^)(j/) = /(y)-i. 
3° ^ 1°. If 3° holds, then for all x,y e X,d e K., we have, by ^ and (fTTO)) . 

/(2:)-i®s,,rf(x)>/«W(y,d) = /(y)-\ 

whence f{y)®Sy^d{x) > f{x) (by Lemma [TT|) . Consequently, by Theorem [15] b), 
/ is anti-topical. □ 

The following Corollary of Theorem [31] gives characterizations of the func- 
tions / that satisfy the equalities (|105l) . (jl06p : 
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Corollary 32 Let {X,IC) be a pair that satisfies {AO'), (Al). For a function 
f : X ^ JC the following statements are equivalent: 

1°. We have piI5)l . 

2°. We have (fTUSll . 

3°. Either f is anti-topical or f = e. 

Proof. 1° ^ 3°. Assume that we have 1° and / is not anti-topical, so 
/(inf X) ^ T (by Theorem ET]) • Then by pUS)) applied to y = MX we have 

inf {f{x)-^(k>{x/miX)-^} = /('^^(inf X) = /(inf 

xex 

whence, by (pTjl and since /(inf X)^^ > e, it follows that 

fix)-'^(k)s = f{x)-^®{x/MX)-'^ >e, Vx G X. 

Therefore we must have f{x)^^ = T, Vx e X, so / = e. 

3° 1°. Assume 3°. If / is anti-topical, then we have (|105l) by Theorem [311 
On the other hand, if / = e, then (|105p holds since by (|98p we have 

e'^^'^Hy) - inf {£(x)-i®(x/2/)-i} = T = eiy)-\ G X. 

2° ^3°. If 2° holds, then by dST]) and (11(15)) applied to d = e we have 

f^^Hy)^f^^Hy,e)^f{y)-\ yyex, 

so we have (|105p . Hence by the implication 1° => 3° proved above, we obtain 
3°. 

3° 2°. Assume 3°. If / is anti-topical, then we have (|106l) by Theorem [311 
On the other hand, if / = e, then (I106P holds since by (|99D we have 

e'^^'^\y,d) = inf {e{x)~^(E,SyAx)} = T = e{y)-\ My e X,Vd e IC. □ 
xex 

Now we shall attempt to apply the second conjugates (i.e., conjugates of 
conjugates), or briefly, biconjugates, of a function f : X ^ IC, for the study 
of topical and anti-topical functions. In the particular case of the coupling 
function" tt^ : R^^.^ x R^;^^ Rmax of ([55)1 . in [3] it has been shown (see 
Theorem 5.4 and Lemma 5.1]) that / is topical if and only if = f 

(see also [T2j Theorem 6.3 and formula (6.32)] for an extension from R^^^^ to 
A"). This approach has used the so-called dual mappings of Moreau (see e.g. 
[8]), which we shall now try to adapt. 

We recall that JC denotes the set of all functions f : X ^ IC. 

Definition 33 Let (X,/C), (F, /C) be two pairs satisfying {AO'), {Al). 

a) For any coupling function ir : X x Y ^ IC the coupling function W : 
Y X X IC defined by 

TT{y,x) ■.^Tr{x,y), \/x £ X,\Jy €Y (108) 
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will be called the reflexion of tt. 

y 

b) The dual of any mapping u : JC — > /C is the mapping u' : K, — > /C 

defined by 

/i"' ~ inf 5, \/helC^, (109) 

where we write and /i" instead of u{g) and respectively. 

^ ^ 

c) The bidual of any mapping u : IC — s> /C is the mapping / -> of 
IC into /C . 

For the Fenchel-Moreau conjugation u = c{tt) (see Definition [21]) we have 

Lemma 34 // {X,IC), {Y,IC) are two pairs satisfying (^0'), (Al), and tt : X x 
Y ^ IC is a coupling function, then 

c(7r)' = c(7f). (110) 

Y y 

Proof. By ([TH]), Lemma [TT] and (|108p . for any g G AC and /i G /C we have 
the equivalences 

o 5(x)-V(x,2/) <%),Vx€X,Vy er 
^ ft(y)- V(x, y) < g{x),yx eX,yyeY 
h{y)~^Tr{y,x) < g{x),\fx e X,yy eY 
^ h^^^^x) < g{x),\/x e X, (111) 

whence by (fTUgi) . 

/i^W(a;)= inf g(x) = inf g{x) ^ h'^^'^^x), Vx £ X □ 



Remark 35 a) In the particular case where X — Y and tt — ip: XxX^IC 
is the coupling function (1821) . the Tp-conjugate function f^^^^ of any function 
f : X ^ K, such that /(inf X) ( e.g., of any topical function f ) satisfies 

f^f^y) = sup /(x)~^^(a;, y) = sup f{xy^(f{y, x) = sup f{xy^{y/x) 

xex xex xex 

>/(infX)-i(y/infX) = T, Vy G X, 
whence f'^^'^^y) = T,Vy G X, so f^^v) anti-topical, while for / = T we have 

T^(^)(2/) = sup T{x)-\y/x) = sup ey/x = e, Vy G X, 

SO T'^^'^^ is topical. This should be compared with the facts that for any function 
f : X ^ ICjf'^^'^^ is anti-topical (see Remark [24] a)) and for any function / : 
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X — > /C such that / ^ e, /^("^^ is topical, while for / = e, e^^*^) is anti-topical 
(see Remark [30k')'). 

b) The inequalities occurring in (|llll) are equivalent to each of 

Tr[x,y)<h[y)g{x), W{y,x) < g{x)h{y), VxeX^^yeY, (112) 

which might be called "generalized Fenchel- Young inequalities" , because of the 
particular case of the so-called "natural coupling function" tt : X x Y —i' R 
defined by 7r(a;, y) := xy, \fx G i?, G R. 

In the particular case where X = Y and tt : X x X ^ ]C is a symmetric 
coupling function, that is, 

TT{x,y)=TT{y,x), yx€Xyy&X, (113) 

Lemma [34l reduces to the following: 

Corollary 36 // {X,IC) is a pair satisfying {AO'), (Al), and tt : X x X ^ JC is 
a symmtric coupling Junction, then c{t:) is "self-dual'', that is, 

c(7r)' = c(7r). (114) 

Remark 37 In particular, for K. = -Rmax and X an arbitrary set. Corollary [36] 
has been obtained in ^ Lemma 5.1]. 

For the Fenchel-Moreau biconjugates fM^'-vY (^fcMyivY ^ith respect 
to the coupling function ip of ([5^ we obtain 

Theorem 38 // (X, /C) is a pair satisfying {AO'), {Al), then for every function 
/ : X — > /C we have 

If f : X K, is topical, then 

fi^M^y^f- (116) 

the converse is not true, since (|116p is also satisfied e.g. for the anti-topical 
function / = T. 

Proof. For any function f : X IC, applying formula (|109p to ft. = /^f'^) 

and u = c{ip) we obtain 

JcMcM'(^).= g{x)<f{x), Wx&X, 

which proves (|115p . 

Furthermore, observe that for any function f : X ^ !C we have, using (IllOp 
with TT = V3 of ((82|) . 

f^(^Mv)\x) ^{f'^'^Y^^x), VxeX. (117) 
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Now let / : X — > be a topical function and let h = f^^v) ^nd x £ X. Then by 
(fT08l) for TT = of dm) and by f^^^y) = f{y)-\yy e X (see Theorem [25l), we 
have 



= sup{r^^\y)-\y/x)) - sup > f{x){x/x). (118) 



On the other hand, if a; = inf X, then f{miX) — e (since / is topical), and 
hence by piSl) . 

yc(<p)c(ip)(-j^f > /(inf X)(inf X/inf X) = /(inf X)T = e = /(inf X). 

Thus for any topical function f : X ^ IC we have f'^(v)c{v) (^^^ > /(j;)^ 
Va; e X, which together with ()115p yields the equality (|116p . 

Finally, let us show that the converse implication is not true. Indeed, by 
Remarks \^%^) and [55k) we have 



whence (|116p for / = T, which, since / = T is anti-topical (see Remark [20)) . 
completes the proof. □ 

Remark 39 In [9j Theorem 5.4] it has been shown that for any topical function 
/ : i?J^ax ~^ ^ the equality (|116p holds for Lp replaced by the additive min-type 
coupling function tt^ of ([86| and conversely, every function / : K^^^ R such 
that f''(^i^)''(^i^y = / is topical. The proof of [9] has used the fact that is 
symmetric and hence self-dual, but this is not the case for tp: furthermore, f'^^'^'^') 
is topical for every function / : iij^^x ~^ but J^^*^) is anti-topical for every 
function f : X ^ IC (see Remark [Mkl ) . and therefore the arguments of the 
proof of 9, Theorem 5.4] do not work for the case of . 

Another way of characterizing topical and anti-topical functions with the aid 
of biconjugates is to combine conjugates with lower conjugates as follows: 

Theorem 40 // {X,IC) is a pair satisfying {AO'), (Al), then: 
a) A function / : X — > /C is topical if and only if f ^ T and 



yex 



yex 



If X ^ inf X, then f{x)x/x — f{x), and hence by (jllSp . 



f<'PH^\x)>f{x)x/x = f{x). 



-jc(ip)c{ip) _ /yc(cp)Nc(ip) _ ^c{ip) _ J 




(119) 



b) A function f : X ^ IC is anti-topical if and only if 



r 



(120) 
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Proof, a) If / : X ^ /C is topical, then / ^ T (by ([Ml))- Furthermore, 
f^^v) [g anti-topical (by Remark [24k)). and hence by Theorem [3T] applied to the 
function f'^^^\ and Theorem [?51 we obtain 

so f satisfies (I119p . 

Conversely, assume that / satisfies / ^ T and ([TT9l) . Then f'-'f^ ^ e, smce 
otherwise by (fTTOl) and (fTOO| we would obtain /(y) = {f''^'^^Y^'^\y) = e^^'^Hy) = 
T(y),Vy S X, in contradiction with the assumption / ^ T. Consequently, by 
RemarkEOli), / = (_/'=(v') is topical. 

b) If / : X /C is anti-topical, then / ^ £ (by (05])). Consequently, by 
Remark IHOk). /^f"^) is topical and hence, by Theorem [25] aplied to f^f\ and 
Theorem I3l1 applied to /, we obtain 

fi^)<^){y) ^ f(^){y)-^ = {f{y)-^)-' = /(y), Vy e x 

Conversely, if / satisfies (|120p . then by Remark [24] a) , / is anti-topical. 

□ 

5 Polars of a set 

We shall study the following concept of "polar set" in our framework: 

Definition 41 Let {X, JC) be a pair satisfying (AO'), (Al), let /C be enlarged to 
/C := /C U {T} as above, and let tt : X x Y ^ IChe a. coupling function. The 
TT-polar of a subset G of X is the subset G"''^-' of Y defined by 

G°(^) := {y e Y\7r{g, y) < e, Vg £ G} = {y £ F | sup ^(g, y) < e}. (121) 

In particular, for the coupling function tt — Lp: Xy.X^lCoi (|82p we have the 
V3-polar of G defined by 

G° G°(^) {y £ F l^/y < e, V5 £ G} = {y £ F | sup(5/y) < e}, (122) 

see 

which we shall call simply the polar of G. 

Remark 42 a) In particular, iov Y — X.-k : X x Y ^ K oi ([82]) and any 
(non-empty) set G C X, by ([T22]) and ([21]) we have inf X ^ G°. 

b) Generahzing a concept of [5] [12] , given two pairs (X, /C) , (F, IC) satisfying 
assumptions {AQ') and (Al), a coupling function tt : X x F — > /C, where /C is 
the minimal enlargement of IC, and a subset G of X, we shall call n-support 
function of G the function fiG.ir : F — /C defined by 

ctgAv) ■■= sup ^{9, y), Vy £ F (123) 
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In the sequel we shall consider the particular case when Y = X and ti = tp : 
X X X K. of ([82|) . In this case we shall call 

(JG{y) ■■= TG.Uy) = sup(5/y), Vy £ X, (124) 
geG 

the support function of G. Note that for any set G C X, ac is an anti-topical 
function on X; indeed, for each g G G, the function y -> g/y = (p{g, y),yy 6 X, 
is anti-topical (by Lemma [?7b )) and the supremum of any family of anti-topical 
functions is anti-topical. Note also that for y = inf X we have 

CTG(mf X) = sup(g/infX) = T, (125) 

S6G 

and that the polar of G is the "e-level set" of ao, that is, 

G° = {y e Xlaciy) < e}. (126) 
c) We recall that a subset G of X is said to be downward, if 

geG,xeX,x<g^xeG, (127) 

and upward if 

geG,xeX,x>g^xeG. (128) 

Let us observe that for any set G the polar G° — G°'^^^ is an upward set; 
indeed, if y G G°,y' & X,y < y', then y' e X\{infX} and g/y' < g/y < e, so 
y' G G°. Thus G° is upward. On the other hand, for the reflexion Ip oi cp (see 
(|108p ). the Tp-polar set 

G"'^) :={yeX|y/.g<e,V.geG} (129) 

is downward; indeed, if y G G°''^\ y' < y, then y' /g < y/g < e,Wg £ G. 

We recall (see e.g. [11] and the references therein) that for two sets X and 
Y the dual of any mapping A : 2^ ^ 2^ (where 2^^ denotes the family of all 
subsets oi X) is the mapping A' : 2^ — > 2^ defined by 

A'{P):={xeX\PCA{{x})}, yPCY, (130) 

Furthermore, we recall that a mapping A : 2'''- — >■ 2^ is called a polarity (in [TT| . 
|10] and earlier references we have used the term duality) if 

A(G) = ngeoAag}), VG C X. (131) 

It is well-known and immediate that the dual A' of any mapping A : 2^ — 2^ 
is a polarity. 

Definition 43 If X, Y are two sets and tt : X x Y ^ K. is & coupling function, 
the polarity associated to tt, or briefly, the ir-polarity, is the mapping A-^ : 2^ — !> 
2^ defined by 

A^(G) := G°('^\ VGCX; (132) 

with G°('') of (|T2T|) : the mapping A = A„ satisfies (|13ip . so it is indeed a 
polarity. 
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We have the following extension of [TTl Lemma 2.1]: 

Lemma 44 For the dual A'^ of the mapping A = A^r we have 

K = A^, (133) 

where W is the reflexion (jlOSp of tt. 

Proof. By p30l) . p^ . dm]) . (IT08l) and (fT32)) (applied to tt and P), for 
any subset P of F we have 

A;(P) = {xeX\PCA^{{x})} = {xeX\7r{x,y)<e,yyeP} 
= {a;eX|7f(2/,a:) <e,V2/eP}- A^(P). □ 

In the particular case when tt is a symmetric coupling function, that is, 
satisfies pi3p . Lemma reduces to the following: 

Corollary 45 // {X, IC) is a pair satisfying {AO'), (Al), and n : X x X K. is 
a symmetric coupling function, then A^r : 2-^ — > 2"^ is self- dual, that is, 

K = A.. (134) 

Remark 46 In particular, for JC = Pmax and X an arbitrary set. Corollary B5l 
has been obtained in [llj Lemma 2.1]. 

If A : 2^ — 2^ is a polarity, with dual A', then by definition 

A'A(G) := A'(A(G)), VG C X, (135) 

and a subset G of X is called A' A- convex if G = A'A(G), or equivalently (see 
[lU]). if for each x ^ G there exists y (zY such that 

GCA'({y}), xeX\A'{{y}). (136) 

In other words, a subset G of X is A'A-convex if and only if it is A^-convex, 
i.e., "convex with respect to the family of sets" {A'{{y})\y G Y} C X 

(see e.g. [TU] and the references therein). 

For the 7r-polarity A^ : 2^ -)> 2^ of A^A^-convexity of a set G C X 

means that for each x ^ G there should exist y & Y such that y £ A7r(G)\A^({a;}), 
or in other words such that 

sup 7r(g, y) < e, 7r(a;,?/)^e. (137) 

see 

For Y = X and the coupling function -k = Lp oi ([5^ . A'^Ai^-convexity of a 
set G C X means that for each x ^ G there should exist y e X, or what is 
equivalent (by Remark H^')'). y e X\{inf X}, such that 

sup(5/y) < e, x/y^e. (138) 
sec 
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In the particular case when < is a total order on K., (|137p and (|138p become, 
respectively, 

sup 7r(5, y) < e < i:{x, y), (139) 

and 

svipig/y) <e< x/y. (140) 
geG 

Let us consider now the counterpart for "bipolars" A'^A;p(G) of the problem 
mentioned in Remark (namely, to study the functions / : X — )■ /C such that 
jc{ip)c{ip) _ jyy gome results on A^Ai^-convex sets G C X, without using this 
terminology, have been given in jl3j . For example, as in plJ , let us recall the 
following conditions on the relations between the topologies of IC and X (for 
various other possible conditions see [2] and the references therein): 

(A2) For each x ^ X the function '■ ^ € IC Xx € X is continuous, that 
is, for any x d X, X ^ IC and any net {A^} C IC such that — J" A we have 
Xi^x — > Xx (here we denote convergence both in IC and in X by which will 
lead to no confusion). 

(A3) For each y 6 X\{inf X} the function ?/*(.) = ./y : X ^ IC\s continuous. 

If (A2) holds, then a set G C X is said to be closed along rays if for each 
X ^ X the set 

iJx := {A G K\Xx e G} (141) 

is closed in IC (that is, for any x £ X and any net {A^} C IC with {Xi^x} C G 
such that Ak — > A e /C we have Ax G G). 

We can recall now the following result of jLSj Theorem 10]: 

Theorem 47 Let {X ,IC) he a pair satisfying (AO'), (^1), (^2) and (A3). For a 
subset G of X let us consider the following statements: 

1°. G is a closed downward set. 

2°. G is closed along rays and downward. 

3°. We have A'^A^{G) — G, that is, G is A'^A^-convex, where ip is the 
coupling function (15^ . 

Then we have the implications 1° =► 2° => 3°. 

// the canonical order < on IC is total and if (A3) holds, then the statements 
1° , 2° , and 3° are equivalent to each other and to the following statements: 
4°. For each x G (X\G)\{inf X} there exists y G X\{M X} satisfying (|140p . 
5°. For each x G (A'\G)\{inf X} there exists y G Xyjinf X} such that 

sup g/y< x/y. (142) 

In particular, if X ~ IC"", where IC — i?max, then the canonical order < and 
the lattice operations in IC and X coincide with the usual order and lattice oper- 
ations on /C" and conditions (A2) and (A3) are satisfied for the order topology 
(by [5], Corollary 2.11), which is known to coincide with the usual topologies 
on IC and X (see [5], the last observation before Proposition 2.9). 
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6 Support set. Support set at a point 

For a pair {X,IC) satisfying (AO), {Al'), we shall denote by T the set of all 
elementary topical functions t = ty : X ^ IC, that is, all functions of the form 

t{x) =ty{x) := x/y, \fx e X,yy e X\{mfX}; (143) 

we use here the notation ty in order to avoid confusion with the functions ty : 
X ^ICoi (I32|), dMl)- 

We recall that for a set X, a coupling function n : X x X ^ Rmax, respec- 
tively TT : X X X A, where A = {A, ®, (g)) is a conditionally complete lattice 
ordered group, and a function f : X ^ R, respectively f : X ^ A, the n-support 
set of / is the subset of X defined (U [12] by 

Supp(/,^) {y e X\7rix,y) < f{x),yx £ X}. (144) 

More generally, for a pair {X,IC) satisfying (AO), (Al') and the coupling 
function Tr = (p: XxX^ICoi (|82|) this leads us to define the following 
concept of "support set" that will be suitable in our framework: 

Definition 48 Let {X,IC) be a pair satisfying (AO), (Al'). For a function / : 
X — > /C wc shall call support set of f (with respect to T of (|143p ) the subset 
of X\{infX} defined by 

Suppif,f) := {y e X\{iniX}\ty < /} = {y G X\{mfX}\x/y < /(x),Vx e X}. 

(145) 

Remark 49 a) For any function f : X ^ IC, the support set Supp(f,T) is 
upward. Indeed, if y £Supp{f ,T),y < y' , then y' G X\{infX} and 

ty'{x) = x/y' < x/y = ty{x) < f{x), Va; £ X, 

so y' eSupp{f,f). _ 

b) If a function f : X ^ IC is topical then 

f{x) = max _ ty{x), \fx e X. (146) 

yeSupp(f,T} 

Indeed, by (|145p we have the inequality > in (|146p : furthermore, for any a; G X, 
the equality in ()146|) is attained for y = f(x)~^x G X\f~^{£) when f{x) G 
A^\{e}, because then x G X\{inf X} (by the topicality of / and p8|) ) and 

ty{x) = tf(^^)-i^{x) = x/f{xy^x = f{x)x/x = f{x), 

and for any y izSupp{f, T) when f{x) = e, because then ty{x) — x/y < f{x) ~ e 
implies ty{x) — e = f{x). 

From p46|) it follows that for two topical functions fi, f2 : X ^ ]C we have 

/i = /2 ^ Supp{f,,f)=Supp{f2, f), (147) 

which shows that for a topical function f : X ^ fC the support set Supp{f, T) 
determines uniquely f. This should be compared with [121 Proposition 7A]. 
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Generalizing another concept studied in [SI [12]) we introduce: 

Definition 50 Let (X, /C) be a pair satisfying (AO), (Al'),7r : X x Y ^ IC a 
coupling function and xq G X. For a function f : X ^ K, we shall call support 
set of f at xo (with respect to T of ()143|) ') the subset of Jr\{inf X} defined by 

Supp{f,T;xo) {y e Supp{f,T)\Tr{xQ,y) = f{xo)}, (148) 

that is, 

Supp{f,f;xo) = {y e X\{miX}\TT{x,y) < /(x),Vx G X,7r(xo,?/) = /(a;o)}- 

(149) 

For a pair (X, /C) satisfying (AO), (AV) and the coupling functions tt = ip : 
X X X ^IC and : X X {X xK) -)-lC of 1^ and §2^1 respectively, this leads 
us to define two concepts of "support set at a point" that will be suitable in our 
framework: Suppx(/, T; a;o) and Supp(xx) (/: 7^; a^o)- 

Definition 51 Let f : X ^ IC he a, function and let xq E X. Wc shall call 
X-support set of f at xq the set 

Suppx{f,f;x„) := {y e X\{MX}\ty < f,ty{x^) = f{x^)}, (150) 

where ty : X ^ K, are the elementary topical functions (|143p . In other words: 

Suppx{f,f;xo) ^{ye X\{MX}\x/y < f{x),yx € X,xo/y - fixo)}. (151) 

Proposition 52 Let f : X ^ K, he a topical function and let xq £ X be such 
that f(xo) G /C\{e}. Then 

xofixo)-' G Suppxif, f; xo) ^ 0. (152) 

Proof. Since f{xa) G IC\{e}, by ([SJ, the topicality of / and Lemma [Hk) 
we have 

x/f{xoy^Xo^f{xo)x/xo<f{x), Vx G X. (153) 
Hence defining 

yo f{xo)~^xo, (154) 

we obtain /(yo) - f{fixo)-'xo)) = e ^ e, so yo £ X\f-\e) C X\{MX} (by 
([38)) ) and 

x/yo < /(x),Vx G X, xo/yo = xo//(xo)~^xo = /(^o), 
that is, yo GSuppx(/, T; xo) 7^ 0. □ 

Theorem 53 Let f : X —¥ IC be a topical function and let xq € X be such that 
f{xo) G IC\{e}. For an element y G X\{infX} the following statements are 
equivalent: 

1°. y eSuppx{f,T;xo). 
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2°. We have 

f{y) ^ e,ty{xo) f{xo). (155) 

3°. We have 

f{y)^e,ty{xo)>f{xo). (156) 

Proof. 1° ^ 2°. Assume that y eSuppx(/, T; xq). Then by P^OI and © 
we have 

yf{xo) = yty{xo) = y{x()/y) < xq. (157) 
Hence, since / is topical, we obtain 

f{y)f{xo) - /(2//(xo)) < /(a:o). (158) 

But, by our assumption we have /{xq) £ IC\{e}^ whence muhiplying (jl58l) with 
f{xo)~^, we obtain 

fiy) < e. (159) 
On the other hand, using the fact that by (jj]) we have 

ty{y)^y/y^e, Vy e X\{inf X}, 

and again that y GSuppx(/, T; xq), one has: 

e = ty{y)<f{y). (160) 

Combining (fTSQ]) and ([TBOl) jields f{y) = e. 

Finally, from y GSuppx(/, T; a;o) and f{y) = e it follows that we have 2°. 
The implication 2° ^ 3° is obvious. 

3° ^ 1°. Assume that y £ X\{mi X} satisfies 3°. Then using f{y) = e, the 
topicality of / and Lemma [Hk) . one has 

tyix)^e{x/y)^f{y){x/y)<f{x), x € X. (161) 

On the other hand, by 3° we have 

ty{xo) = xo/y > f{xo), (162) 
and hence, by (|16ip (for x — xq) and (|162p . we obtain 

ty{xQ) ^ xo/y ^ f{xo). (163) 
From p63)) and ((T6T|) it follows that y eSuppx(/, f ; xq)- □ 

Definition 54 Let f : X IC he a, function and let xq E X. We shall call 
{X, /C) -support set of f at xq the set 

Supp(x.K)U^'T;xo) := {(y,d) G (X\{inf AT}) x /C|sy,<j < f,Sy^dixo) = /(a;o)}, 
_ (164) 
where Sy^d : A — 5- /C arc the functions ([53l) . ([M)) . ([55 ]) . 
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Proposition 55 Let f : X ^ K, he a topical function and let .tq £ X he such 
that /(xo) G /C\{e}. Then 

(/(xo)"^xo,/(xo)) G Suppf^x,ic)if^^'^^o) 7^0- (165) 

Proof. If / is topical and f{xo) e /C\{e}, then (/(xo)~^a;o, /(xq)) G 
(X\{infX}) X {IC\{e}) and by (O, the topicality of / and Theorem [TSk) we 
have 



inf{x//(xo) ^xo,d} = inf {/(xo)a;/xo, d} < inf {/(x), d} 

< /(x), VxeX,Vde/C. (166) 

Consequently, 

Sf(xo)-^xoj(xo){x) = inf{a;//(a;o)"^a;o,/(a;o)} < /(a;), Vx e X, 

■S/(2:o)-i:i:o,/(:i:o)(^o) = inf {Xo//(xo) "^Xq , /(xq) } = /(xq ) , 

that is, (/(xo)~^xo,/(xo)) £ Supp(x,A:) (/, T; xq) ^0. □ 

Theorem 56 Let f : X ^ IC be a topical function and let xq X be such that 
/(xo) G JC\{s}. For a pair {y,d) G (X\{inf X}) x JC, the following statements 
are equivalent: 

1°. {y,d) eSuppi^x.K){f,T;xQ). 

2°. We have 

f{y) = e, Sy^xo) = /(xo). (167) 

3°. We have 

/(y)-e,s,,d(xo)>/(xo). (168) 

Proof. 1° ^ 2°. Assume that {y,d) G Supp(xx)(/, T"; xq). Then by (ITM|) 
we have 

/(xo) = Sa,d(a;o) = inf{xo/y,d} < Xo/y, (169) 

whence by ([3|), 

2//(a;o) < y{xo/y) < xq. 

Hence, since / is topical, we obtain 

/(y)/(^o) = f{yf{xo)) < /(xo). (170) 

But, by our assumption we have /(xo) G IC\{e}, whence multiplying ()170p with 
/(xo)~^ we obtain 

f{y) < e. (171) 
On the other hand, using again that {y,d) G Suppj-xx) (/, T; xq), we have 

inf{x/y,d} = Sj^,d(x) < /(x), Vx G X, 
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which for x — dy gives, using Q and that / is homogeneous, 

d = \ni{dyly,d}<}{dy)^df{y). 

Hence, multiplying with d^^ (which exists by £ < /(a;o) — inf{a;o/y, d} < d), 
we get 

e < /(y). (172) 
Combining p7T|) and ([T7^ yields f{y) = e. 

Finally, from (y,(i) £ Supp(x,)C) (/j T; a;o) and /(y) = e it follows that we 
have 2°. 

The implication 2° =^> 3° is obvious. 

3° ^ 1°. Assume that the pair (y,d) e (X\{infX}) x /C satisfies 3°. Then 
using /(y) = e, the topicality of / and Theorem 115b .). we obtain 

Sy,d{x) = esy,d(x) = f{y)sy^d{x) < /(x), Va; e X. (173) 

On the other hand, by 3° we have Sy^dixo) > fixo), and hence the equality 
SyAxa) fixa), which, by pTH]), yields (y, d) G Supp(x,/c)(/, T"; xo). □ 

Remark 57 We recall that for a set X, a coupling function tt : X x X — > A, 
where A — {A, ®, (g)) is a conditionally complete lattice ordered group, a function 
/ : X — !> A (where A is the minimal enlargement of A) and a point xq € X 
with f{xo) G yl, the n-subdifferential of f at xq is the subset of X defined [121 17] 

by 

d^fixo) {yo G XK(2;,yo) ® ^(xo,yo)"' ® .f(xo) < f{x),yx G X}. (174) 

For TT = TTfj. of (187]) some properties of 97r^/(xo), e.g. that it contains the 
TT-support set of / at xq and some other connections between these sets have 
been proved in [121 Section 8]. This suggests to attempt to introduce, in our 
framework of a pair {X,}C) satisfying (AO), {Al') and the coupling function 
ip : X X X ^ JC of (|82p . the following concept: We shall call (p-subdifferential of 
a function f : X K, at a point xq with /(xq) G K,, the subset of X defined by 

d^f{xo) {yo G X\{x/yo){xo/yo)-^f[xo) < f{x),yx G X}. (175) 

The proofs of the properties of 9^^/(xo) given in [12 , Section 8] lean heavily on 
the fact that for each x ^ X the partial function tt^{x, .) is topical, but in the 
case of the coupling function ip : X x X ^ JC oi ([82)l for each x G X the partial 
function (p{x, .) is anti-topical (see Lemma [27b) V Therefore those proofs of [l2] 
cannot be adapted to our general framework. 
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